Correlation energies are divided into two parts. One contribution is given by a configuration interaction calculation in the space of the natural orbitals with occupation numbers larger than an arbitrary threshold u.
Introduction
Since Kohn and Sham [l] showed the possibility of obtaining the correlation energies E,, with density functionals (DF), several applications were carried out for atoms and molecules (see, e.g., Ref. 2) . In general, the errors were comparable to those of medium-size configuration interaction (CI) calculations. There are, however, situations where DF show large errors; the most striking failures are perhaps
(1) The incapacity to describe correctly the 2 dependence of the correlation energy of the He and Be series [3] (2) The inability to reproduce the correlation contributions to the dissociation energies (AD,) of some first-row dimers (see e.g., Ref. 4) .
Another disadvantage of the DF methods when compared with CI appears when an improvement of the calculation is desirable: for DF there is no procedure comparable to enlarging the function space and class of excitations in CI. The main cause of the failures of the DF (even with self-interaction or gradient correction) method lies probably in differences between the electron gas and atoms or molecules with respect to orbital level spacings (exclusion and near-degeneracy effects). This has been recognized early by Sinanoglu [ 5 ] .
The first attempt to include such an effect is due to Tong [6] ; he fitted the DF to the homogeneous electron gas with finite electron number.
Lie and Clementi [7, 8] found that DF results can be improved considerably by adding the correlation energy obtained in a calculation with a few configurations, introducing the idea that only dynamic correlation is obtained from DF. They did not find, however, a general procedure for the separation of the static and the dynamic part: a double counting of the correlation energy is possible. It has been argued 171 that only special reference functions should be used with DF (see also [9, 10, 21 results, they conclude that, for a further improvement, the parameters of their potential should depend on the local density and that this leads to two-electron integrals which must be evaluated numerically.
The present paper may be seen as a continuation of the papers by Lie and Clementi [7, 8] : the correlation energy is obtained as a sum of a CI and a DF contribution. By the definition of the DF it is possible, however, to avoid a double counting of the correlation energy, without the introduction of any adjustable parameters. The separation of the DF and CI contribution is arbitrary with the exact DF. In practice, however, there are limitations both for obtaining the DF expression and the specific CI energy. It may be expected that a properly described larger CI space leads to better results as the contribution coming from the approximate DF decreases. Test examples will show that for an accuracy of 0.01 hartree it is sufficient to combine the DF value with the CI correlation energy contribution coming from near degeneracy.
Method
Let us start with the definition of the DF for correlation energy as given by Levy [14] . Starting from a HF ground state density pHP, he determines the corresponding external potential v by the theorem of Hohenberg and Kohn. Then he constructs the Hamiltonian and calculates the correlation energy. One can go further and obtain also the exact wave function, the exact first-order density matrix, and finally the natural orbitals [15] . A CI calculation in the space of all natural orbitals with occupation numbers larger than a given threshold Y yields a contribution to the correlation energy which will be denoted by E>,; the remaining part of the correlation energy will be E,, = E, -E>,.
Of course, the only use of the prescriptions above is the proof of the existence of the functionals E,, and E,,, which are universal in the sense of Hohenberg and Kohn [15] . In practice, in order to obtain E,, one has to make approximations for both E,, and E,,:E>, can be obtained from a limited CI calculation and E,, from a local (or gradient-corrected) DF. In the limit of large v one would get the usual HF + DF case, whereas for Y + 0 only a CI calculation would be needed.
The examples presented in this paper use an approximate density functional E,, [p] obtained from electron-gas calculations. No experimental data were used. The DF used here depends on the threshold v, but not on spin polarization, as in commonly used DF. The v dependence has been introduced only at a level that is approximate even for the homogeneous electron gas (in analogy to the way spin-dependence is usually introduced). The DF describes correctly the homogeneous electron gas when v is large. The DF contribution vanishes for small v. A gradient correction is present. Details on the approximations made are given in the Appendix.
A problem which arises when using such an E,,[p], is the choice of the threshold v. Although the distribution of occupation numbers is continuous for the homogeneous electron gas, it is discrete for atoms and molecules. Suppose that the CI calculation is performed in the space of the first M (approximate) natural orbitals; their occupation numbers are v, 2 v2 2 -7 -2 v,,,. One could use in principle for E,, any value for v lying between v,,, and v,,,. One should better use, however, the latter value. This can be seen from the following example. Let us consider the case of M isolated one-electron systems. In this case v I = v 2 = * * * = v,,, = 1 and v,,, = I",,,+* = * . * = 0). The correct result (E, = 0) is obtained only with v = vytl. With such a choice there is no need for a self-interaction correction of the DF. In the general case, by choosing the threshold equal to vytl some information about the "gap" between the occupation numbers present in molecules is introduced.
The procedure proposed in this paper for obtaining the correlation energy is thus the following:
(1) Do a wave function (a) calculation in order to obtain The Gaussian basis sets are probably better than required for the accuracy needed in the present paper hartree). They were smaller for the AD, calculations, larger for the He and Be series, and in the atomic calculations where the dependence of the correlation energy on v was studied. The exponents used for the symmetries present in HF are those of Ref. Molecular calculations were performed only at the experimental equilibrium distance [20] . Using other distances (such as HF and MCSCF would only bring changes on the order of hartree. In order to obtain E,,[p], the numerical integration was performed in the following way [21] . First the integrand, f(r), is separated into "atomic" contributions by using weight functions, w,:
where wA = Z,t;i exp(-t;,r), Z , is the charge of nucleus A and is a parameter which can be adjusted to give a better fit; our experience [21] has shown that t;, = 2, is a reasonable choice. Each integral of the sum is then obtained by GaussLaguerre integration over r and Gauss-Legendre integration over cos 8 and 4.
Re s u 1 t s
The combined density functional plus configuration interaction (DF + CI) method presented in the preceding section is only useful when small CI (i.e., large threshold values) can be used, as for describing near-degeneracy effects. Furthermore, results should not change drastically when further orbitals are included in the CI calculation (i.e., v is lowered).
The results of He calculations are shown in the DF value obtained is 36 mH. The reasonable value obtained reflects the absence of near-degeneracy effects. What happens when v is lowered? The second natural orbital is also of s-type. When included into the CI space 16 mH are obtained from the wave function calculation. The DF gives now only 29 mH, leading to 45 mH for E,. The larger energy contribution comes, however, from the next three (degenerate) natural orbitals, which are of p type. The two contributions are 36 and 9 mH, respectively, so that E, is not changed. Be, N, and Ne results show similar features (see Fig. 1 ).
In these examples, the DF + CI results not only improve the CI value but are also better than the CI value obtained by including the next natural orbital in the calculation. Moreover, it is possible that the v -+ 0 result is worse than that for medium v, in case the CI calculation does not properly describe the natural orbitals with small occupation numbers. Of course, there are errors due to the approximation made in the electron gas calculation. Since they are small enough to meet the purpose of this paper, they will not be discussed further.
The correlation energy in the He series is shown in Figure 2 . (The DF + CI values are obtained by using only the DF value and the threshold given by the second natural orbital.) The experimental value of E, is nearly independent of the nuclear charge, 2 ; DF methods predict a logarithmic increase of E, with 2 [3] . For example, the best result for C4+ was obtained up to now with Perdew's gradient corrected DF: E, = 60 mH instead of 45 mH; the error of the same functional is only 2 mH for He. Figure 2 shows that, at least for the ions up to C, this error has been removed by An improvement arises also in the Be series (Fig. 2) , where the experimental E, increases linearly with 2 (related to the near-degeneracy of 2s and 2p [22] ). DF predicts a logarithmic increase also in this case [3] . The best result with a DF up to now was again with that of Perdew [23] ; the error is, however, over 40 mH for Ne6+ (OmH for Be) [23] . The DF + CI values shown in Figure 2 included the CI contribution coming from the space spanned by two s and the three degenerate p natural orbitals. They are 0.01 hartree too high both for Be and for the ions of the series. Let us now discuss another case in which correlation energy DF render large errors. Although the contributions of the correlation energy to the dissociation energy (ADe) are reasonable with DF in some cases, such as H, or Li, (errors less than 5 mH with the gradient corrected functional of Perdew [23, 4] What is a good threshold (v) for separating the DF and CI parts? In first-row atoms one surely has to include the natural orbitals up to the first p set 1221. The v value determined for the atom X (X: Li -F) -it is of the order of lo-, -was chosen as an indicator for the dimers X,: the threshold in the molecule X, was chosen as the largest occupation number comparable to the atomic v. Let us consider C, as an example. For the C atom the space to be treated with CI is given by the first two s-type orbitals and by a p set. The occupation number of the next natural orbital is 0.0098, and v was set equal to this number. In the C, calculation the occupation number of the first ns orbital was 0.0854, that of the third uu was 0.0123, and that of the fourth ug was 0.0070. Since the occupation number of the u, orbital is the largest occupation number comparable to the atomic v, 0.0123 was chosen as the threshold for C, calculation. The prescription above is equivalent to limiting the CI space to the valence one for N,, 0,, and F,; for B, and C, the last valence-space u-orbital is not used; for Liz and Be, some of the "2p"-orbitals have to be included.
Within this small CI space neither the freezing of the core orbitals nor the improving of the basis set seem to change the results significantly. Although the effect of the former was of the order of hartree (Li, or F2) , that of the latter is one order of magnitude larger, as shown by a test calculation in the case of the N, molecule. After keeping only the first four s and first three p Gaussian contracted and using the (2dlf) functions of Ref. 24 the DF + CI result was changed by 1 mH (8 mH in the MCSCF-CI calculation). Obviously, the space of the natural orbitals with occupation numbers larger than v is satisfactorily described with the smaller basis set.
There exist, of course, drawbacks that are due to the limitation of the CI space. When degeneracy is present, the first-order density matrix is not unique, and thus the natural orbitals have to be defined by a supplementary requirement. One often uses (see, e.g., Ref. 25 ) the orbitals which are generated by diagonalizing the symmetrized density matrix obtained by averaging the density matrices of the degenerate wave functions [26] . The AD, values shown in Figure 3 were obtained by assuming axial symmetry not only for the X, molecules but also for the dissociation products. For isolated atoms one may assume spherical symmetry as well. For H, Li, B, C, or N this has no effect on the DF + CI correlation energies, since there is no degeneracy present (for H, Li, and N) or due to the fact that the orbital determining v is of s-type (B and C). For 0 and F the limitation to the valence space leads to a threshold given by a p-type natural orbital. The thresholds are 0.011 and 0.009 (for axial and spherical symmetry, respectively), leading to 260 mH and 253 mH correlation energy ("experimental" E,: 258 mH [4] ). This difference is larger than the difference that arises at the HF level (2 mH). The two values lead, however, to similar errors in ADe (131 and 147 mH, respectively; "experimental" value: 140 mH). Since the errors in the approximate electron gas calculation used in the present paper are of the same order of magnitude, this problem will not be considered further.
Conclusion
The aim of the present paper was to show that it is possible to couple a CI calculation with an universal spin-independent density functional without doubly counting the correlation energy. In order to test the applicability of such a scheme, an electron gas calculation was used to construct the density functional. Despite the approximations included at this level, a coupling with small-size CI calculations was shown to lead to reasonable results in cases where existing spin-density functionals fail. In order to study the possibility of reducing the errors in the calculation of the correlation energies beyond the presented level (i.e., a fraction of an electron volt), an improved density functional is needed. than v(E,,) is obtained for the homogeneous electron gas by noticing that the natural orbitals are in this case the plane wave states. Thus, the largest momentum that contributes to e,,, k,, is known from the momentum distribution, which has been obtained in the present approximation by Daniel and Vosko [33] . It is easily shown that in order to obtain E,, one only has to replace the integration limits in Eq. (3): s has to be smaller than k,. The value of the integral I = (q/277)Q for 4 < k, -k, is
The remaining integrations were performed numerically using QUAD-PACK subroutines [34] .
Let us define the factor Q = (e& -E,,)/E& for further use in obtaining E<,: the integrand in Eq. (1) is multiplied by Q. Thus, the correct behavior is ensured for large and small v in the case of the homogeneous electron gas. One should, however, consider the correction for the nonuniform systems, too. This has been done here in a very crude fashion, namely by replacing kc by k, -k, when the latter is larger than the former. To conclude, the expression for the DF used in this paper is given by where B, is obtained from the expression of B , with k , replaced by Presently, the q~ and k, values are obtained by spline interpolation [35] . The density grid is given by 50 points, lying between x = 0.1 and x = 5.0. The grid for Y is given by 20 points, lying between k, = 1.01 and 5 (in k, units). A plot of ~( v ) for selected density values is shown in Figure 4 (for the dependence of k, on v, see, e.g., Refs. 33 and 36) .
The quality of the approximate expression of E,, is difficult to assert. The expression for e& gives values that are generally too large by a factor of 1.5 for the interesting range of densities. The values for k, are probably too large, especially for small densities [37, 38] . The effect on the proportionality factor Q remains, however, unclear. Since the DF contributions are normally -1 eV, it may be expected that the errors of the DF are about a fraction of an electron volt. Up to now, the quality of the DF is only tested in atomic and molecular calculations, where there are, of course, also other errors. It less important, especially for energy differences, such as AD,; in the case of 0,, for example, the change in ADe obtained when substituting B, with B is 1 mH. Since the DF presently limits the accuracy of the calculation, more accurate calculations for E,,[p] are desirable.
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